The work performed by a classical electromagnetic field on a quantum dipole is well known in quantum optics. The absorbed power linearly depends on the time derivative of the average dipole moment, in that case. The following problem, however, still lacks an answer: can the most elementary electromagnetic pulse, consisting of a single-photon state, perform work on a quantum dipole? As a matter of fact, the average quantum dipole moment exactly vanishes in such a scenario. In this paper, we present a method that positively answers to this question, by combining techniques from the fields of quantum machines and open quantum systems. Quantum work here is defined as the unitary contribution to the energy variation of the quantum dipole. We show that this quantum work corresponds to the energy spent by the photon pulse to dynamically Stark shift the dipole. The non-unitary contribution to the dipole energy is defined here as a generalized quantum heat. We show that this generalized quantum heat is the energy corresponding to out-of-equilibrium photon absorption and emission. Finally, we reveal connexions between the quantum work and the generalized quantum heat transferred by a single photon and those by a low-intensity coherent field. Electromagnetic work on an electric dipole.-The classical electromagnetic theory predicts that a timedependent electric field E(t) is able to perform work on a rateẆ = E(t)ḋ(t) on a classical electric dipole of moment d(t). When a laser interacts with an atom, quantum mechanical effects may play a relevant role. A classical time-dependent electric field performs work on an atom at a rateẆ = E(t) ḋ (t) , where the quantum average of the dipole moment d (t) is the relevant parameter [1] . The laser can be described quantum mechanically, as well. A quantized electromagnetic fieldÊ initially prepared in a coherent quantum state |α(0) induces the same dynamics on the average dipole as does a classical field E(t), as long as the classical field value matches the average value of the quantum field, E(t) = α(t)|Ê|α(t) .
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The non-classical nature of the atom-field interaction becomes more evident when the atom is driven by the most elementary electromagnetic pulse, prepared in the single-photon state described as
(1) |0 = ω |0 ω is the vacuum state of the field in each mode of frequency ω with creation operator a † ω , forming a continuum ω → dω̺ 0 , with flat spectral density ̺ 0 . The probability amplitude for the initial occupation of each mode is φ ω (0), which is normalized, ω |φ ω (0)| 2 = 1. This electromagnetic pulse contains exactly a single excitation, ω a † ω a ω |1 = |1 . In the single-photon state, the average electric field equals to zero, 1|Ê|1 = 0, whereÊ = ω iǫ ω (a ω e ikω z − a † ω e −ikω z ) [2, 3] . Let us further assume that the global state of the atom-field system is |ξ(t) = ψ(t)|e, 0 + ω φ ω (t)a † ω |g, 0 , as discussed below. |e (|g ) is the excited (ground) state of the two-level system (TLS). It follows from |ξ(t) that the average dipole of an atom driven by the single-photon pulse also equals to zero, i.e., d (t) = Tr s [ρ s (t)d] = 0, whered = d eg (|e g| + |g e|). The dipole vanishes here because e|ρ s (t)|g = 0, where the reduced state of the TLS is ρ s (t) = Tr field [|ξ(t) ξ(t)|], obtained by tracing out the field degrees of freedom.
In this paper, we address the following problem. In that single-photon scenario, of vanishing average field, 1|Ê|1 = 0, and vanishing average dipole, d (t) = 0, would the electromagnetic field still be capable of performing work on a quantum electric dipole? A proper definition of work is key. We combine techniques from outof-equilibrium open quantum systems and from quantum machines to tackle the problem using a fully-quantum model. The quantum work analyzed here gives the amount of energy a single photon can transfer to the TLS dipole by means of a unitary contribution, as far as the reduced TLS dynamics is concerned. We show that this quantum work corresponds to the energy spent by the photon to dynamically Stark shift the TLS energy levels. We establish connexions with a semiclassical scenario, within the low-excitation regimes of both the quantum and the semiclassical models. Namely, under appropriate conditions, the quantum work by a single photon equals the reactive energy, related with the real part of the linear susceptibility χ ′ (ω), reversibly stored in a quantum dipole from a low-intensity coherent pulse. Also, under the same conditions, the non-unitary contribution to the dipole energy absorbed from the photon equals the absorptive contribution from a low-intensity coherent pulse, related with the imaginary part χ ′′ (ω). As discussed below, this non-unitary contribution can be identified with a generalized quantum heat.
Our results are relevant not only to the field of light-matter interaction at the single-photon level [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , but also to quantum thermodynamics and quantum autonomous machines [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . The quantum nature of the electromagnetic pulse here presents features of a quantized piston in an autonomous machine. Also, the single-photon pulse provides a non-Markovian outof-equilibrium quantum environment for the TLS, which involves an extension of quantum thermodynamics to situations out of thermal equilibrium [28] [29] [30] [31] [32] [33] [34] .
Quantum work.-A classically-driven quantum system was studied in the late seventies [35, 36] . The case where the quantum system was both classically driven and weakly coupled to two Markovian thermal reservoirs at distinct temperatures was further investigated, where the Carnot bound was found for the efficiency of the quantum engine [36] . The physical principle behind quantum work was a quantum version of the first law of thermodynamics. The internal system's energy corresponded to the average energy U (t) = Tr[ρ s (t)H s (t)], where ρ s (t) is the system's quantum state. H s (t) is the time-dependent hamiltonian appearing in the unitary part of the master equation for ρ s (t). The variation of the internal energy was decomposed as dU
]dt was the unitary contribution to the system's energy variation. It vanishes if the external conditions do not change in time, i.e. if ∂ t H s (t) = 0. The non-unitary contribution was given by dQ A = Tr[∂ t ρ s (t)H s (t)]dt. It vanishes for a purely unitary system's dynamics generated by H s (t). Taking the quantum dynamics of the drive itself fully into account is a central problem in quantum thermodynamics. To that end, generalized concepts of quantum work and quantum heat have been proposed for autonomous quantum machines [16] [17] [18] [19] [20] [21] . An autonomous machine is that whose global Hamiltonian, of the complete system, is time independent [37, 38] . Ref. [17] , for instance, considers the local von Neumann entropy of a given subsystem as the fundamental concept for defining generalized quantum work and heat exchanges within autonomous machines. A complete relationship between this generalized quantum heat and thermodynamic heat flow at the singlequantum level [28] [29] [30] [31] [32] remains an open problem. In these quantum driving scenarios [17] [18] [19] [20] [21] , knowing the master equation for the reduced dynamics of the subsystem of interest is also necessary.
In our case, the master equation for the reduced dynamics of the TLS driven by a single-photon pulse can be derived from only one assumption: the global field-TLS quantum state is written as |ξ(t) , defined after Eq.(1). This means that the global state remains pure throughout the entire time evolution and that the total number of excitations in the system is conserved. The exact master equation we employ here has been derived in Refs. [39] [40] [41] , which reads
The effective TLS Hamiltonian in the above equation is
where
where {., .} is the anticommutator. L t {ρ s (t)} happens to be in the Lindblad form, even though the field is treated here non perturbatively, i.e., the quantum dynamics of the field is fully described within |ξ(t) . In Eq.(3), the TLS time-dependent frequency induced by the singlephoton packet is defined as
The physical origin of the time dependency in ω s (t) is a dynamic Stark-shift effect, induced by the singlephoton packet [41] . In Eq.(4), the time-dependent decay rate induced by the out-of-equilibrium quantized pulse is
. A negative decay rate Γ(t) < 0 is a signature of the non-Markovianity of the TLS dynamics, induced by the single-photon packet [40] . We identify quantum work by a single-photon pulse on a TLS dipole here with the unitary contribution to the TLS energy, as inspired by Refs. [17, 36] ,
A crucial result of this paper is in the second line of Eq.(5). It evidences how the dynamic Stark shift of ω s (t), as induced by the single-photon pulse [41] , plays a critical role in the quantum work we analyze. The relation between ω s (t) and the average TLS-field interaction energy is explained in the following paragraph. We identify the generalized quantum heat here with the non-unitary contribution to the TLS energy,
also inspired in Refs. [17, 36] . This generalized heat crucially depends on the variation of the TLS excitation probability |ψ(t)| 2 , by means of photon absorption and emission.
It is worth stressing that all the results so far, from Eq.(2) to (6) , are general, relying only on the form of the state |ξ(t) . They show that the TLS excited-state amplitude, ψ(t), is the key quantity to be evaluated. In order to go a step further in the explicit calculation of ω s (t), Γ(t), and of the generalized quantum work and heat, the expression for the global hamiltonian is needed. We assume a dipole TLS-field coupling, H int = −dÊ, whered = d eg (σ + + σ − ) is the TLS dipole operator and E = ω iǫ ω (a ω e ikω zs − a † ω e −ikω zs ) is the quantized field at position z s [1, 3] . The dipole and the field are assumed to be linearly polarized in the same direction. The TLS center of mass is assumed to remain fixed at the origin of the reference frame at all times during the interaction, z s = 0, since we are interested in the effect of the field on the TLS dipole only.
(1). We stress that H here is itself time independent, ∂ t H = 0, assuring that the global TLS-field system is autonomous. By formally integrating φ ω (t), substituting it in the equation for ψ(t) and doing a Wigner-Weisskopf approximation in the continuum limit ω → dω̺ 0 [11, 40, 41] , we obtain
The TLS spontaneous emission rate is Γ 0 = 4πg 2 ̺ 0 . The input single-photon wave packet at the TLS position, z s = 0, is φ(z s , t) = ω φ ω (0)e i(kω zs−ωt) . This model is not limited to low excitations of the TLS, i.e., 0 ≤ |ψ(t)| 2 ≤ 1, respecting the normalization condition, ξ(t)|ξ(t) = 1. Here, we are interested in the case where the atom is initially in state |g , so the excitation is completely in the field at t = 0. Therefore, the solution of Eq.(7) for ψ(0) = 0 reads ψ(t) = −g
, we get that ω s (t) = ω 0 +δ eff (t), where δ eff (t) ≡ gIm[φ(0, t)/ψ(t)] is the effective time-dependent modulation of the TLS frequency. The influence of g on ω s (t) suggests a relation with the average TLS-field interaction energy. Indeed, we find that
where H int (t) ≡ ξ(t)|H int |ξ(t) . This clarifies how the single-photon quantum work is related with the TLS-field interaction, since
The time-dependent effective decay rate can also be obtained from Eq.(7), Γ(t) = Γ 0 + 2gRe[φ(0, t)/ψ(t)]. Its influence on the generalized quantum heat becomes more evident when we note that ∂ t |ψ(t)| 2 = −Γ(t)|ψ(t)| 2 , which follows from the definition of Γ(t). Hence,
Generalized heat can only be absorbed, Q 1 > 0, if the effective TLS decay rate is negative, Γ(t) < 0.
We choose a pulse as yielded by typical single-photon sources [1, 42] , φ (+) (z, 0) = N Θ(−z)e (∆/2+iωL)z/c , with normalization N = √ 2π̺ 0 ∆. It is prepared in the negative side of the one-dimensional reference frame, z < 0, being Θ(z) the Heaviside step function. Here, ω L is the central pulse frequency. A TLS-field detuning is defined as δ L = ω L − ω 0 . This single-photon pulse is prepared in the modes with positive wavevectors, k ω = ω/c, where c is the speed of light. In the absence of the TLS, it simply propagates to the positive direction, φ (+) (z, t) = φ (+) (z − ct, 0). At the TLS position, z s = 0, the free field probability amplitude is given by φ(0, t) = φ (+) (−ct, 0), which exponentially decreases in time. For this photon pulse, we obtain that
The reactive signatures of the generalized quantum work can now be evidenced. Firstly, the quantum work by a single photon is an odd function of the detuning,
Besides, W 1 is finite only for finite-time (non-stationary) pulses, since lim ∆→0 W 1 = 0. Below, we relate this reactive behavior with the real part of the linear susceptibility χ ′ (ω) of the TLS subjected to a weak coherent field. The absorptive signature in the generalized quantum heat is now evidenced. It can be decomposed as
For appreciable values of the TLS excited-state population difference, the term proportional to ω 0 will be much larger then F [δ eff (t)], since we are analyzing here the optical quasi-resonant regime, ω 0 ≫ δ L ∼ δ eff (t). Below, we relate the generalized quantum heat absorbed from a single photon with the imaginary part of the linear susceptibility χ ′′ (ω) of the TLS subjected to a weak coherent field.
Connexions with a semiclassical scenario.-It is worth stressing that the model presented in this paper is not restricted to low TLS excitations. That is, the TLS can have its population completely inverted, in principle, depending only on the chosen initial single-photon pulse for that. Nevertheless, the composite TLS-field state always remains in the single-excitation subspace. This means that some similarities are expected with the low-excitation limit of a TLS driven by a coherent pulse. The purpose of the following discussion is to put the results from the single-photon pulse in perspective with well-known semiclassical results.
A coherent state of the frequency mode ω is
is the displacement operator [1, 42] . A coherent pulse is defined as the tensor product |α = ω |α ω . When each mode is very low populated, α ω ≪ 1, the zero and the one excitation subspaces are predominant, |α ≪
. The single-excitation contribution resembles state |1 , in Eq. (1) . When the TLS is driven by a coherent field |α , its reduced state obeys the so-called optical Bloch equations [1, 42] . Coherence evolves as ∂ t ρ
ee . The excited-state population obeys
Note that, in the low-excitation regime,
ee (t) ≪ 1, the equation for the TLS coherence ρ
eg is equivalent to Eq. (7), for ψ(t), if α(t) = φ(0, t). In such a regime, the complex average dipole d α (t) = d eg ρ (α) eg (t) linearly depends on the complex average driving field
, where a linear susceptibility,
2 , is at the origin of the field dispersion [42] . The imaginary part,
2 , is related with field damping, which is absorpted by the dipole [1, 42] . Work by a coherent pulse, W α , is computed in a full cycle, where the dipole starts and ends at |g , being driven in the meantime by a finite-size pulse α(t) = φ(0, t). Here, the definition of W α from Ref. [1] coincides with that from Ref. [36] . The semiclassical low-excitation (linear) regime is obtained, e.g., in the monochromatic limit, ∆ ≪ Γ 0 . In this case,
This is a polarization energy arising when the electric field is in phase with the dipole and is classically understood as a reversible form of work stored in the atomic dipole that returns to the field [1] . The absorptive contribution is W abs α = ω L 2g dωχ ′′ (ω)|α(ω)| 2 , arising when the electric field is in phase with the time-derivative of the dipole [1] . We defined here thatα(ω) ≡
We find, for the low-excitation regimes of both the quantum model, |ψ(t)| 2 ≪ 1, and the semiclassical model, ρ
Here, we are using α(t) = φ(0, t) and ∆ ≪ Γ 0 , which imply that ρ ee (t) ≈ |ψ(t)| 2 . More details are given in the Supplemental Material. We also find that
where the generalized quantum heat has been separated in absorptive and emissive contributions,
Remarkably, Eq.(10) means that the amount of generalized heat absorbed from a highly monochromatic singlephoton pulse equals the amount of work absorbed from a low-intensity coherent pulse with the same shape. The fundamental difference is that generalized heat comes from a non-unitary contribution, whereas a coherent pulse provides a unitary contribution to the TLS energy, as is well known in quantum optics [1, 42] . Finally, we find that
Here, Q α is the quantum heat in the semiclassical scenario. Formally, it is defined in agreement with Ref. [36] . Physically, it provides the energy lost by spontaneous emission. More details are given in the Supplemental Material.
Conclusions.-This paper presents a fully-quantum solution to the problem of quantum work by a singlephoton pulse on a TLS. Quantum work here is defined as the unitary contribution for the TLS energy. We have shown that this quantum work captures the energetic contribution arising from the dynamical Stark shift in the TLS gap. The relation between the dynamical Stark shift and the average interaction energy has been elucidated. We have also shown that a generalized quantum heat captures the energetic contribution arising from the outof-equilibrium photon absorption and emission by the atom. This generalized quantum heat is defined here as the non-unitary contribution for the TLS energy coming from the non-Markovian out-of-equilibrium environment due to the interaction with single-photon pulse. Finally, we have shown that, in the low-excitation regimes of both the quantum and the semiclassical models, the quantum work by a single photon equals the reactive term of the quantum work by a coherent pulse, related with the energy reversibly stored in the dipole. Still in these lowexcitation regimes, the absorbed quantum heat from a single photon was shown to equal the absorbed quantum work by a coherent field. We emphasized the distinction here that the absorbed quantum heat from a single photon comes as a non-unitary contribution to the TLS reduced dynamics, in contrast with the unitary contribution given by a coherent pulse.
Our results can be regarded as the opening path towards the study of quantum-pulsed machines, since both the shape and the central frequency of the pulse are key variables. The implications on quantum photocells [9] , on quantum optomechanics [12] , and on single-photon heat transport [28] [29] [30] [31] [32] 
SUPPLEMENTAL MATERIAL FOR "QUANTUM WORK BY A SINGLE PHOTON"
The low-excitation regime of the fully-quantum model is defined as |ψ(t)| 2 ≪ 1. The low-excitation regime of semiclassical model is ρ (α) ee ≪ 1. We choose α(t) = φ(0, t). The highly monochromatic regime is defined as ∆ ≪ Γ 0 . The monochromatic regime implies the low-excitation regime for both the semiclassical and fully-quantum models. The low-excitation regimes of both the semiclassical and the fully-quantum model imply that ρ (α) eg (t) ≈ ψ(t), ρ (α) ee (t) ≈ |ψ(t)| 2 , and H int,α (t) ≈ H int (t) (see table below). The highly monochromatic limit implies that
The reactive work in the low-excitation regime is (see table below)
The full cycle is defined as t 0 → −∞ and t f → ∞. But 
where α(t) = ∞ −∞α (ω)e −iωt dω/ √ 2π, ρ 
where the linear susceptibility is χ(τ ) = √ 2πΘ(τ )ige −(Γ0/2+iω0)τ . In frequency domain,ρ 
we firstly note that, in the highly monochromatic limit,
By applying the definition of linear susceptibility given in the above paragraph, it follows that
Finally, the interaction energies vanish in the full cycle, W 
